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1. In tro duction

W e rep ort some mathematical results on the n umerical appro ximation of a

class of nonlinear di�usion problems. W e are concerned with the con v ection-

di�usion-reaction equation (CDRE)

@b(u)
@t

� div ( � (u)r u + f (u)) = g(t; x; u ); (1.1)

and generalized p orous medium equation (GPME),

@u
@t

� 4 � (u) = r (u); (1.2)

where div and r are tak en with resp ect to x 2 Rn
; 4 = div r is the Laplace

op erator and u(t; x ) is the scalar unkno wn function.

There are some reasons to w ork with t w o di�eren t equations. The b oth

equations quan tify di�usion phenomena but in di�eren t manner. The dif-

fusion �ux is mo deled b y � (u)r u in the CDRE and b y grad� (u) in the

GPME. In some cases the t w o forms can b e in terc hanged but in other cases

is not p ossible. F or example, if � (�) is an in tegrable function one can put

� (u) =
Ru � (s)ds. Although in almost an y ph ysicaly in teresting cases this

transformation can b e done the calculation of the function � , esp ecially when

one deals with n umerical appro ximation, can b e a hard problem. In suc h a

case is recomandable to use the CDRE form. On the other hand if � (�) is

a di�eren tiable function one has � (u) = � 0(u) . If � (�) is only a con tin uous

function it is not p osible to ev aluate the di�usion co e�cien t.

The outline of the pap er follo ws.

In Section 2 w e delineate some mec hanical problems and w e will mak e com-

men ts on the constitutiv e functions.

In Section 3 w e presen t the essen tial facts relativ e to solv abilit y of the Cauc h y

problem. W e revise the concepts of w eak solution and w eak en trop y solution

and w e will presen t a comparison criterion.

Section 4 is dev oted to the n umerical appro ximation.

The n umerical solution of the Cauc h y problem is obtained in t w o steps. In

the �rst step a system of ordinary di�eren tial equation is set up and in the

second step this ODE system is n umericaly in tegrated.

The mathematical prop erties of the ODE mo del are strongly determined b y

the n umerical di�usion �ux and the n umerical con v ectiv e �ux. W e will de�ne

a n umerical appro ximation of the di�usion �ux and a n umerical appro xima-

tion of the con v ectiv e �ux that lead to a quasimonotone ODE system. Using
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this prop ert y w e will sho w that there exists a comparison principle and w e

will pro vide the b ounds for the solutions of the discrete mo del that are inde-

p enden t of the mesh size of triangulation.

In Section 5 w e giv e t w o n umerical algorithms to solv e GPME equation

and Ric hards' equation resp ectiv ely . T o in tegrate the ODE system whic h

appro ximate the GPME equation w e will use implicit Euler metho d and w e

w e will setup an iterativ e algorithm to solv e the system of nonlinear algebraic

equation that results.

T o solv e Ric hards' equation w e use an adaptiv e time marc hing sc heme and

an inexact Newton t yp e metho d to solv e nonlinear equation.

2. Ph ysical Mo dels

The mathematical mo dels (1.1) and (1.2) co v er a wide range of ph ysical

phenomena suc h that: heat transfer, in�ltration of w ater through p orous

media, transp ort of con taminan t in p orous media, the �o w of the gas through

p orous media, plasma radiation, to remaind a few.

The simplest example of the mo del problem (1.1) is the linear caloric equa-

tion:

@u
@t

= div( � r u); (2.1)

where u mo dels the temp erature and � > 0 represen ts the thermal con-

ductivit y . Here it is supp osed that the caloric �ux ob eys the F ourier la w

q = � � r T and that the thermal conductivit y is indep enden t of temp era-

ture. The condition � > 0 re�ects the fact that heat propagates from high

to lo w er temp erature.

If the temp erature of the b o dy is high enough one m ust consider the radi-

ation e�ects and the temp erature dep endence of thermal conductivit y . F or

example, if the p o w er radiated b y a b o dy to en vironmen t follo ws the Stefan-

Boltzmann la w of the forth p o w ers, for b oth the b o dy and the medium, the

heat equation b ecomes [8]

@u
@t

= div( � (u)r u) � kr (u4 � u4
e): (2.2)

The unsaturated w ater �o w through p orous media is describ ed b y the w ell

kno wn Ric hards' equations [7 ]

@�(h)
@t

� div(K (h)r h + e3K (h)) = 0 ; (2.3)
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where � represen ts the relativ e v olumetric w ater con ten t, h represen ts the

pressure head, K is the h ydraulic conductivit y and e3 is the up w ard v ertical

v ersor. The function � (h) is a con tin uous p ositiv e function and it is strictly

increasing function on the in terv al (�1 ; 0] and a constan t function on h > 0.

Also the h ydraulic conductivit y is a con tin uous p ositiv e function strictly in-

creasing on (�1 ; 0] and a constan t function on the set h > 0. The h ydraulic

conductivit y b ecomes zero as h approac hes �1 .

The transp ort of con taminan t in p orous media is go v erned b y an equation of

the form [9 ], [10 ]

@(C + �C p)
@t

+ v � r C = div( D r C) + g(x; C ); (2.4)

where C represen ts the mass concen tration of the con taminan t, v denotes

the v elo cit y of the �uid �o w, supp osed to b e constan t. The term �C p; � � 0
tak es in to accoun t the adsorption reaction b y means of F reundlic h isotherm.

The absorption reaction is describ ed b y the term g(x; C ) that usually is giv en

b y

g = � �C q
(2.5)

with � > 0, q > 0 (the order of the reaction).

An extremely used form of the GPME is giv en b y the

@u
@t

= 4 um + �u r : (2.6)

F or m > 1 (slo w di�usion) the equation mo dels the �o w of the gas through

p orous medium for m < 1 (fast di�usion) the mo del is encoun tered in plasma

ph ysics, kinetic theory and solid state.

The Stefan problem can b e written as a GPME equation with

� (u) = �
�

maxf 0; (u � 1)g; if u � 0;
u; if u < 0:

3. Mathematical Settings

In this section w e review some results concerning the solution of the nonlinear

di�usion equations.

The constitutiv e functions are supp osed to satisfy:
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A1

�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�

b : R ! R; is a continuous and nondecreasing function;
� : R ! R+ ; is a continuous and nondecreasing function;
f : R ! Rn ; is a local Lipschitz vector function;
g : R+ � 
 � R ! R; is a Caratheodory function:

A2

�
�
�
�

�
�
�
�

� 2 C([0; 1 )) [ C1((0; 1 )) ; � (0) = 0 ; nodecreasing function;
r 2 C([0; 1 )) ; r (0) = 0 :

W e consider the Cauc h y problem for b oth equations. The domain 
 on whic h

the problem is considered satis�es:

A3

�
�
�
� 
 2 Rn ; is an open; bounded and connected set:

The initial conditions and b oundary data are written as

�
u(0; x) = u0(x); x 2 
 :
u = uD ; t > 0; x 2 @
 :

(3.1)

W e assume that

A4

�
�
�
�

�
�
�
�

u0 2 L 1 (
) ;
uD 2 L 2((0; T) : W 1;2(
)) \ L 1 ((0; T) � 
) :

Cauc h y problem for CDRE. The Cauc h y problem is de�ned b y the

equation (1.1) in a domain 
 in Rn
, the initial condition and b oundary data

(3.1).

Due to the nonlinear parab olic term b(u) and nonlinear di�usion co e�cien t

� (u) the problem (1.1) can b e a degenerate problem and consequen tly there

exists no classical solutions.

The notion of we ak solution for the problem of the t yp e (1.1) w as in tro duced

b y Alt and Luc khaus in [1]. By imp osing some prop er conditions on the

constitutiv e functions, b oundary data and initial conditions, the authors w ere

able to pro v e the existence of the w eak solution in the case of the parab olic-

elliptic degeneration, b(u) is a constan t function on some in terv al of p ositiv e

measure and the di�usion co e�cien t is a strict p ositiv e function.

Definition 3.1 ( W eak Solution (H. W. Alt and S. Luc khaus)) A me asur able

function u is a we ak solution of the Cauchy pr oblem (1.1) and (3.1) if it

satis�es:

1) u � uD 2 L 2((0; T) : W 1;2
0 (
)) ,

2) b(u) 2 L 1 ((0; T) : L 1(
)) and

@b(u)
@t

2 L 2((0; T) : W � 1;2(
)) with initial



174 Stelian Ion

values b(u0) , that is,

TZ

0

�
@b(u)

@t
; v

�
dt +

TZ

0

Z




(b(u) � b(u0))
@v
@t

dxdt = 0 (3.2)

for every v 2 L 2((0; T) : W 1;2
0 (
)) \ W 1;1((0; T) : L 1(
)) ; v(T; �) � 0

3) � (u)r u; g(�; �; u(�; �)) 2 L 2((0; T) � 
) ; f (u) 2
�
L 2((0; T) � 
)

� n
and u

satis�es the di�er ential e quation, that is,

TZ

0

�
@b(u)

@t
; v

�
dt +

TZ

0

Z




(� (u)r u + f (u)) � r vdxdt =

TZ

0

Z




g(t; x; u )vdxdt

(3.3)

for every test function v 2 L 2(0; T : W 1;2
0 (
)) .

In the pap er [7 ] Carrillo extrap olates the concept of en trop y solution in tro-

duced b y Kruzhk o v in theory of h yp erb olic PDE [14]. He sho w ed that there

exists a unique we ak entr opy solution of the Cauc h y problem with homo-

geneous b oundary data, uD = 0 , ev en in the case of parab olic-h yp erb olic

degeneration. Suc h kind of degeneration app ears when the di�usion co e�-

cien t is a n ull function on some in terv al with the p ositiv e measure.

The w eak en trop y solution is a w eak solution that in addition satis�es an

in tegral en trop y inequalit y .

Let us in tro duce the function

K (u) =

uZ

0

� (s)ds;

Definition 3.2 ( W eak en trop y solution. Homogeneous case (Carrillo)) A n

we ak entr opy solution of the Cauchy pr oblem (1.1) and (3.1) with uD = 0 , is
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a we ak solution which in addition satis�es the entr opy ine quality

TZ

0

Z




H0(u � s)
�

(r K (u) + f (u) � f (s)) � r v�

� (b(u) � b(s))
@v
@t

� gv
�

dxdt �
Z




(b(u0) � b(s))+ v(0)dx � 0;

TZ

0

Z




H0(� s � u)
�

(r K (u) + f (u) � f (� s)) � r v�

� (b(u) � b(� s))
@v
@t

� gv
�

dxdt �
Z




(b(u0) � b(� s)) � v(0)dx � 0;

(3.4)

for any (s; v) 2 R �
�
L 2((0; T) : W 1;2(
)) \ W 1;1((0; t) : L 1 (
))

�
such that

s � 0; v � 0 and v(T) = 0 .

In the en trop y conditions the follo wing notations:

H0(s) =
�

1; if s > 0
0; if s � 0

s+ =
�

s; if s > 0
0; if s � 0

w ere used. If � > 0 then the t w o de�nitions of the w eak solution coincide

and an y w eak solution is an en trop y solution [7 ].

T o deal with nonhomogeneous Diric hlet conditions for degenerate problem

one supplemen tary di�cult y is to giv e a sense to b oundary conditions. In the

pap er [18 ] C. Mascia, A. P orreta and A. T erracina pro v ed the existence of the

w eak en trop y solution of the Cauc h y problem with nonhomogeneous Diric hlet

data. Their de�nition is as follo ws. Denote b y QT the direct pro duct QT =
(0; T) � 
 . Also w e use the notations:

E(u; v) = r j K (u) � K (v)j + sgn(u � v)( f (u) � f (v)) ;

B(u; v; w) = E(u; v) + E(u; w) � E (v; w):

The domain 
 is suc h that there exists a C2
�co v ering of @
 , A = f Ui gi =1 ;m ,

of op en sets suc h that @
 � [ U i and, in some lo cal co ordinates x = ( x0; xn ) ,

there exists a C2
function xn = � i (x0) suc h that Ui \ @
 = f xn = � i (x0)g,

Ui \ 
 = f xn < � i (x0g.

A sequence f #� g of C2(
) \ C0(
) functions is named a b oundary la y er

sequence if

lim
� ! 0+

#� = 1 ; pointwise in 
 ; 0 � #� � 1; #� = 0 on @
 :
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Definition 3.3 ( W eak En trop y Solution. Nonhomogeneous case (Mascia et

al.)) A function u 2 L 1 ((0; T) � 
) is an entr opy solution of Cauchy pr oblem

(1.1) and (3.1) if

1) (regularit y)

K (u) 2 L 2((0; T) : W 1;2(
))

and for any U 2 A , and any p ositive  2 C1
0 (U) we have

�
� j u � uD j ; E(u; uD ) 

�
2 DM (Q)2;

wher e DM (Q)2 is the set of diver genc e-me asur e ve ctor �elds in Q .

2) (en trop y condition in in terior of QT )

Z

QT

�
jb(u) � b(s)j

@v
@t

� E (u; s)r v + gv
�

dxdt � 0

for any v 2 W 1;2
0 (QT ) and v � 0 and s 2 R .

3) (initial condition)

lim
t ! 0+

Z




ju(t; x ) � u0(x)j dx = 0

4) (b oundary conditions) in sense of tr ac e in L 2((0; T) : W 1;2(
)) we have

K (u) = K (uD ); t > 0; x 2 @
 ;

and for any b oundary layer se quenc e #� , and for any U 2 A , and any p ositive

 2 C1
0 (U) we have

lim inf
� ! 0

Z

QT

B(u; s; uD )r #� � dxdt � 0; 8s 2 R;

for any � 2 L 2((0; T) : W 1;2(
)) ; � � 0.

Cauc h y problem for GPME. The Cauc h y problem consists in the

equation (1.2) and the data (3.1).

The existence of the w eak solution w as pro v ed b y man y authors see for ex-

ample, [4], [25 ].
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Definition 3.4 ( M. Borelli and M. Ughi) A nonne gative function u de�ne d

on the 
 � [0; T ] is said to b e a w eak solution of the Cauchy pr oblem (1.2)

and (3.1) if

1) u 2 C
�
[0; T]; L 1(
)

�
\ L 1 ([0; T ] � 
) ;

2) for any test function � 2 C1;0([0; T ] � 
) \ C2;1((0; T ] � 
) such that � � 0
on (0; T ] � 
) and � = 0 on (0; T ] � @
 u satis�es the inte gr al identity:

Z




u(t; x )� (t; x )dx =
Z




u0(x)� (0; x)dx �

tZ

0

Z

@


� (uD )
@�
@n

+

+

tZ

0

Z




[u@t � + � (u)4 � + r (u)� ] dtdx

(3.5)

for any 0 � t � T .

The presence of the reaction term and nonlinearit y in the equation (1.2)

generate in teresting phenomena namely , extinction time or blo w up of the

solution and the �nite sp eed of propagation of disturbance [25].

Suc h problems ha v e b een studied b y sev eral authors: Borelli-Ughi [4 ], F erreira-

V asquez [13], Leoni [16], Levin-Sac ks [17], P eletier and Z. Junninig [23]. In

the case r (u) = 0 and � (s) = sm ; 0 < m < 1; uD = 0 there exists an ex-

tinction time Te suc h that the problem (1.2 has a unique classical solution,

p ositiv e on 
 � [0; Te] and n ull for t � Te, see [17 ].

F or generalized fast di�usion with strong absorption and 
 = R2
there also

exists an extinction time and the supp ort of the solution is b ounded for an y

time t > 0, [4].

In the p o w er case, � (s) = sm ; r (s) = �p s; � > 0, the n umerical metho ds to

compute the solution of the similar problem (1.2) ha v e b een prop osed b y

M.-N. Le Roux, [21] the case m > 1, M.-N. Le Roux and P .-E. Mainge, [22].

P oin t wise comparison principle. F or b oth Cauc h y problems CDRE

and GPME there exists sev eral comparison criteria [1 ], [10], [25]. W e will

giv e here a result that allo ws one to compare t w o solutions with resp ect to

their b oundary and initial conditions.

F or an y t w o real functions f (x) and g(x) w e write f � g if f (x) � g(x); 8x 2

 . In addition to assumptions A1 the constitutiv e functions in CDRE prob-

lem satisfy



178 Stelian Ion

A1

0

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

(1) � : R ! R+ ; � (u) � �;

(2) j� (u1) � � (u2)j < C ju1 � u2j
 1 ; 
 1 >
1
2

; 8u1; u2 2 R;

(3) jf (u1) � f (u2)j < C ju1 � u2j
 2 ; 
 2 >
1
2

; 8u1; u2 2 R;

(4) g(u1) � g(u2) < C (b(u1) � b(u2)) ; for u1 > u 2:

Theorem 3.1 ( Comparison Theorem) L et (uD ; u0) , (buD ; bu0) b e such that

uD � buD ; u0 � bu0 . L et u and bu) b e two b ounde d we ak solutions of the Cauchy

pr oblem (1.1) , (3.1) asso ciate d to (uD ; u0) and (buD ; bu0) r esp e ctively. Assume,

in addition, that

b(u) t ; b(bu) t 2 L 1((0; T) � 
) :

Then

u � bu

on (0; T) � 
 .

Pr o of . W e follo w the main ideas from [1]. As in [1] for an y � > 0 let

	 � (� ) = min(1 ; max(0; �=� )) . The function w = 	 � (u � bu) b elongs to

L 2(0; T : W 1;2
0 (
)) and its gradien t is giv en b y

r w =

( 1
�

(r u � r bu) ; if 0 < u � bu < �

0; otherwise

Set w as test function in (3.3). Then

tZ

0

Z




(b(u)t � b(bu)t ) wdxdt +
1
�

tZ

0

Z


 �

(� (u)r u � � (bu)r bu) r (u � bu)dxdt

| {z }
I 1

+

+
1
�

tZ

0

Z


 �

(f (u) � f (bu)) � r (u � bu)dxdt

| {z }
I 2

=

tZ

0

Z




(g(u) � g(bu)) wdxdt;

(3.6)

where 
 � := f xj0 < h � bh < � g. The in tegral I 1 can b e rewritten as

I 1 =

tZ

0

Z


 �

� (u)jjr (u � bu)jj2dxdt +

tZ

0

Z


 �

(� (u) � � (bu)) r eu � r (u � bu)dxdt:
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Using Y oung inequalit y , ab� C(� )p� 1ap + �q � 1bq
, and A1

0
-(1) w e obtain

I 1 �
�

� �
�
2

� tZ

0

Z


 �

jjr (u � bu)jj2dxdt �
C(� )

2

tZ

0

Z


 �

(� (u) � � (bu))2jjr eujj2dxdt

and

I 2 � �
�
2

tZ

0

Z


 �

jjr (u � bu)jj2dxdt �
C(� )

2

tZ

0

Z


 �

jj f (u) � f (bu)jj2dxdt:

Then

I 1 + I 2 � (� � � )

tZ

0

Z


 �

jjr (u � bu)jj2dxdt � C� 2


TZ

0

Z


 �

(jjr eujj2 + 1)d xdt:

F rom A1

0
(4) the pro duction can b e estimate as

tZ

0

Z




(g(u) � g(bu)) wdxdt �

tZ

0

Z




1f u� bu> 0g maxf 0; g(u) � g(bugdxdt �

� C

tZ

0

Z




maxf 0; b(u) � b(bu)gdxdt:

T aking � < � w e obtain

tZ

0

Z




(b(u)t � b(bu)t ) wdxdt +
c
�

tZ

0

Z


 �

jjr (u � bu)jj2dxdt �

� C� 2
 � 1

TZ

0

Z


 �

(jjr eujj2 + 1)d xdt +

tZ

0

Z




maxf 0; b(u) � b(bu)gdxdt:

(3.7)

F or � ! 0 the �rst term on the righ t con v erge to 0 and the �rst term on left

b ecomes

lim
� ! 0

tZ

0

Z




(b(u)t � b(bu)t ) wdxdt =

tZ

0

Z




1f u� bu> 0g (b(u)t � b(bu)t ) dxdt =
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=

tZ

0

Z




@t maxf b(u) � b(bu); 0gdxdt =
Z




maxf b(u) � b(bu); 0g(t; x )dx:

One obtains

Z




maxf 0; b(u) � b(bu)gdxdt �

tZ

0

Z




maxf 0; b(u) � b(bu)gdxdt;

and using Gron w all's inequalit y w e get

b(u) � b(bu);

and using this inequalit y in (3.7) w e ha v e r (u� bu) = 0 on the set f 0 < u � bug.

So, w e ha v e u � bu =const. whic h implies u � bu � 0 since on b oundary u � bu .

As a corollary of the comparison principle one can obtain an upp er b ound

for the solution of Cauc h y problems in the b oth case CDRE and GPME

equations.

Cor ollar y 3.1 Assume that A1 and A1

0
ar e ful l�le d and g(t; x; u ) = g(u) ,

g(0) = 0 . L et u b e the solution of the pr oblem (1.1) , (3.1) on some interval

[0; T ]. Then

1) if uD � 0 and u0 � 0 so is u � 0,

2) L et � = jjuD jjL 1 ([0;T ]� @
) , � = max fjj u0jj1 ; � g. If � > 0 we assume that

g(w) � 0. L et w(t) b e the solution of the di�er ential e quation

@t b(w) = g(w)
w(0) = �:

on the same interval t 2 [0; T]. Then the solution u satis�es

u < w on [0; T]:

Pr o of. 1). One compares the solution u with the trivial solution v = 0 .

2). De�ne the function v(t; x ) = w(t); 8x 2 
 . The function v(t; x ) v eri�es

the equation (1.1), at the time t = 0 v(0; x) = � > u 0 and on b oundary

v(t; x )jx2 @
 = w(t) � � > u D that implies u < v .

Cor ollar y 3.2 In the GPME the di�usion function and pr o duction func-

tion ar e given by � (u) = um
, r (u) = � �u s

r esp e ctively � > 0; m > 0; s > 0.

The initial c onditions satisfy A4 , u0 > 0 and uD = 0 . L et � = jju0jj1 .

1) If s > 1 then the solution u of the pr oblem 1.2 , 3.1 satis�es

jjujj1 < �
�
1 � � (1 � s)� s� 1t

� 1
1� s :
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2) If s < 1 then ther e exists a time T �
, extinction time, given by

T � =
1
�

� 1� s

1 � s

such that the solution exists on the interval [0; T � ] and it satis�es

jjujj1 < �
�

1 �
t

T �

� 1
1� s

:

Pr o of . In the generalized p orous medium equation

@tu = 4 um � �u s

w e mak e the substitution um = v and w e obtain

@t vp = 4 v � �v r ;

vt=0 = um
0 ; vjx2 @
 = 0 ;

where p = 1=m; r = s=m. By using the corollary 1 one obtain that the

function v is b ounded from ab o v e b y the solution of di�eren tial equation

pwp� 1w0 = � �w r ;
w(0) = � m ;

whic h has the solution

w = � m (1 � � (1 � s)� s� 1t)
m

1� s :

4. Quasimonotone ODE Appro ximation

4.1. Discrete Appro ximation

By the metho d of lines (MOL), one can asso ciate an ordinary di�eren tial

system of equations (ODE) to a parab olic partial di�eren tial equation. The

MOL consists in the discretization of the space v ariable using one of the

standard metho ds as �nite elemen t, �nite di�erences or �nite-v olume metho d

(FVM). The FVM �ts v ery w ell to conserv ativ e equations and there exists a

large literature dev oted to the metho d, w e recall here the pap ers that deal

with Diric hlet problem, [6] for h yp erb olic PDE, [11], [12 ], [19] for nonlinear

parab olic PDE.
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x i

w i

W

Du

Fig. 1: T riangulation of p olygonal domain in R2
.

The FVM deals with a decomp osition of the domain 
 in to small p olygonal

domains ! i and a net of the inner knots x i . The assem bly f ! i ; x i g de�nes

a triangulation of the domain and it is an admissible mesh if it satis�es the

follo wing conditions, [12].

Definition 4.1 ( A dmissible mesh) The triangulation T = f (! i ; x i )gi 2 I is

c al le d an admissible mesh if it satis�es:

A5

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

! i is open poligonal set � 
 ; x i 2 ! i

(1) [ i 2 I ! i = 

(2) 8i 6= j 2 I and ! i \ ! j 6= � ; either H n� 1(! i \ ! j ) = 0 or

� ij := ! i \ ! j is a common (n � 1)- face of ! i and ! j

(3) for all � ij ; [x i ; x j ] ? � ij

Here H n� 1 is the ( n � 1)-dimensional Hausdor� measure. F or eac h v olume

! i that has a common ( n � 1)-face with the b oundary @
 one de�nes an

external v olume ! i b 2 C
 b y the re�ection of the ! i with resp ect to the face

� i b = ! i \ @
 . Denotes b y T b
the collection of all external v olumes f (! i b ; x i b)g

and b y I b
the set of their indices. Let T e = T [ T b

and I E = I [ I b
. W e

sa y that the v olumes ! i , ! j 2 T e
are neigh b ours if they share a common

n � 1�face and w e denote b y n i;j the unit normal v ector to the face � ij that

p oin t to ! j .
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Discrete form of CDRE. The space discretized equations are deriv ed

from the in tegral form of (1.1) for eac h con trol v olume ! i

Z

! i

@b(u)
@t

dx �
Z

@!i

(� (u)r u + f (u)) � n da =
Z

! i

g(t; x; u )dx; 8i 2 I: (4.1)

By a prop er appro ximation of the v olume in tegrals and surface in tegrals one

obtains discrete form of CDRE.

W e de�ne the n umerical di�usion co e�cien t e� : R � R ! R+ b y

e� (u; v) = max( � (u); � (v)) : (4.2)

It is easy to sho w that n umerical di�usion co e�cien t satis�es

A6

�
�
�
�
�
�

�
�
�
�
�
�

e� (u; v) = e� (v; u); symmetry;
(e� (u1; v) � e� (u2; v))( u1 � u2) > 0; monotonicity ;
e� (u; u) = � (u); consistency:

Corresp onding to eac h face � ij w e admit that there exists a n umerical �ux

function

ef : R � R ! R with the follo wing prop erties:

A7

�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�

ef i;j (u; v) = � ef j;i (v; u); conservation;
( ef i;j (u1; v) � ef i;j (u2; v))( u1 � u2) � 0; monotonicity ;
( ef i;j (u; v1) � ef i;j (u; v2))( v1 � v2) � 0;
ef i;j (u; u) = f (u) � n i;j ; consistency:

A n umerical con v ectiv e �ux whic h satis�es A7 is systematicaly used in the

appro ximation of h yp erb olic equation see, for example [6 ]. The in tegrals in

(4.1) will b e appro ximated as follo ws:

Z

! i

@b(u)
@t

dx � m(! i )
@b(ui )

@t
;

Z

@!i

� (u)r u � n da �
X

j 2N (i )

m(� ij )e� (ui ; uj )
uj � ui

dij
;

Z

@!i

f (u) � n da �
X

j 2N (i )

ef i;j (ui ; uj );

Z

! i

g(t; x; u )dx �
Z

! i

g(t; x; u i )dx := gi (t; u i ):

N (i ) denotes all neigh b ours in T e
of ! i , m(! i ) represen ts the v olume of

p olyhedron ! i and m(� ij ) represen ts the n � 1-dimensional measure of the

face � ij and di;j = jx i � x j j .
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The initial data and b oundary conditions are appro ximated b y:

u0i =
1

m(! i )

Z

! i

u0(x)dx; (4.3)

ui b =
1

m(� i b)

Z

� i b

uD da; (4.4)

resp ectiv ely .

As a result one can de�ne a Cauc h y problem for a system of ordinary di�eren-

tila equations whose solution giv es an appro ximation of the Cauc h y problem

(1.1), (3.1).

8
><

>:

db(ui )
dt

=
X

j 2N (i )

m(� ij )
m(! i )

�
e� (ui ; uj )

uj � ui

dij
+ ef i;j (ui ; uj )

�
+ gi (t; u i )

ui jt=0 = u0i ;
(4.5)

for t > 0 and for an y i 2 I .

Let us in tro duce the n umerical di�usion-con v ection �ux functions

F i (u ; u D ) =
X

j 2N (i )

m(� ij )
m(! i )

�
e� (ui ; uj )

uj � ui

dij
+ ef i;j (ui ; uj )

�
(4.6)

then the ODE appro ximation reads as

db(ui )
dt

= F i (u ; u D ) + gi (t; u i ): (4.7)

The b oundary conditions are tak en in to accoun t b y the v olume elemen ts next

to b oundary @
 . F or suc h elemen t the con tribution of the b oundary v alues

to the F i is giv en b y

m(� i b)
m(! i )

�
e� (ui b ; uj )

ui b � ui

di b

+ ef i;i b(ui ; ui b )
�

: (4.8)

In�ltration mo del . Here is an example of a n umerical con v ectiv e �ux that

satis�es A7 with f (u) = e3K (u) that app ears in the Ric hards' equation

(2.3).

ef i;j (u; v) =
1
2

(e3 � n i;j + je3 � n i;j j) K (v) +
1
2

(e3 � n i;j � j e3 � n i;j j) K (u):

(4.9)
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Discrete form of GPME. F or eac h con trol v olume ! i w e write

Z

! i

@u
@t

dx �
Z

@!i

@�(u)
@n

da =
Z

! i

r (u)dx; 8i 2 I: (4.10)

T o appro ximate (4.10) w e use the same sc hemes as in previous paragraph.

The new in tegral that con tains the di�usion function � will b e appro ximated

b y Z

@!i

@�(u)
@n

da �
X

j 2N (i )

m(� ij )
� (uj ) � � (ui )

dij
:

(4.11)

The ODE appro ximation of (4.10) is giv en b y

@ui
@t

=
X

j 2N (i )

m(� ij )
m(! i )

� (uj ) � � (ui )
dij

+ r (ui ): (4.12)

The b oundary conditions are tak en in to accoun t b y the v olume elemen ts next

to b oundary @
 . F or suc h an elemen t the b oundary v alues en ters in to the

pla y b y a term of the form

m(� i e )
m(! i )

� (ui e
D ) � � (ui )

de
ij

: (4.13)

F or shortness w e in tro duce the notation

Gi =
X

j 2N (i )

m(� ij )
m(! i )

� (uj ) � � (ui )
dij

:

4.2. ODE Mo del

As in the con tin uum case w e w an t to pro v e that the solutions of ODE (4.5)

and (4.10) ob ey a comparison criterion.

F or that, w e �rstly pro v e that F and G satisfy Kamk e conditions.

Lemma 4.1 Assume A2 , A6 and A7 . Then

F i (u e) = 0 ; Gi (u e) = 0 (4.14)

for any c onstant state ui = u; 8i 2 I e
.

F and G satisfy Kamke c onditions, that is

F i (ve) � F i (w e); Gi (ve) � G i (w e); 8i 2 I; (4.15)

for any two ve ctors that satisfy vk � wk ; 8k 2 I e
, and vi = wi .
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Pr o of. T o pro v e (4.14) w e ha v e

F i (u e) =
X

j 2N (i )

m(� ij )
m(! i )

f (u) � n ij = 0 :

W e only prouv e the coun terpart relativ to F . T o pro v e the Kamk e conditions

w e ha v e

F i (ve) � F i (w e) =

X

j 2N (i )

m(� ij )
m(! i )

�
e� (u; vj )

vj � u
dij

+ ef i;j (u; vj ) � e� (u; wj )
wj � u

dij
� ef i;j (u; wj )

�

and from (4.2) and the monotonicit y prop ert y of A7 the a�rmation results.

As F and G are b oth quasimonotone and nondecreasing with resp ect to

b oundary data v ectorial functions the next t w o results are equaly true for

discrete ODE (4.12).

Assumptions on sour c e term

A1

00

There exists the real n um b ers � < � < � < � suc h that

(1) b 2 C1(( � ; � )) and b0 > 0 on (� ; � ):
There exists t w o Lipsc hitz functions g; g : R+ � R ! R suc h that

(2) g(t; u) � g(t; x; u ) � g(t; u); 8u 2 (� ; � ) ,

(3) g(t; � ) � 0; g(t; � � 0.

Theorem 4.1 ( Boundedness of discrete solutions) Consider the Cauchy

pr oblem (4.5) . Assume A1 , A1

00
, A4 , A6 , A7 . W e supp ose also that initial

c onditions and b oundary data satisfy

� � u0(x) � �; a:e x 2 
 ; � � uD (t; x ) � �; a:e (t; x ) 2 (0; T) � 
 : (4.16)

L et u(t) b e the solution of the pr oblem

8
><

>:

@b(u)
@t

= g(t; u)

jujt=0 = �;

(4.17)

u(t) b e the solution of the pr oblem

8
><

>:

@b(u)
@t

= g(t; u)

jujt=0 = �

(4.18)
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and Tsup = inf(sup f t ju(t) > � ; u(t) < � g; T) Then the solution u(t) of the

Cauchy pr oblem is b ounde d by u and u on the interval [0; Tsup] i.e.,

u(t) � ui (t) � u(t) 8i 2 I; 8t 2 [0; Tsup] (4.19)

Pr o of. The essen tial to ol in the pro of is the Nic k el's theorem that pro vide the

monoton y of the solution of the quasimonotone ODE. The Kamk e conditions

ensure us that w e deal with quasimonotone system.

Observ e that the conditions A1

00
-3 guaran ties that

� � u(t) � �; � � u(t) � �: (4.20)

De�ne

F i (u ) = F i (u ; u ); F i (u ) = F i (u ; u ):

F rom (4.4), (4.8), (4.15), (4.20) and the conditions A1

0
-2 one obtains

F i (u ) + g(t; u) � F i (u ; u D ) + gi (t; u) � F i (u ) + g(t; u):

Since usup
i (t) = u(t); 8i 2 I is a solution of the problem

8
<

:

db(ui )
dt

= F i (u ) + g(t; u i )

ui jt=0 = �;
(4.21)

uinf
i (t) = u(t); 8i 2 I is a solution of the problem

8
<

:

db(ui )
dt

= F i (u ) + g(t; u i )

ui jt=0 = �;
(4.22)

and � � u0i < � one can apply the Nic k el's theorem and one obtains

uinf
i (t) � ui (t) � usup

i (t);

whic h is (4.19).

Theorem 4.2 ( Comparison theorem. Discrete case) Assume we ar e as in

the b ounde dness the or em. L et u(t) and
bu(t) , t 2 (0; T) , b e the solutions of

the pr oblem (4.5) asso ciate d to (u D ; u 0) and (bu D ; bu 0) r esp e ctively. Supp ose

that

u D � bu D < 0; u 0 � bu 0 < 0:

Then

u � bu

on (0; T) .

Pr o of. The same as in the b oundedness theorem.
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5. Numerical Algorithms and Numerical Results

In this section w e giv e t w o n umerical algorithms to solv e GPME equation

and Ric hards' equations resp ectiv ely .

5.1. F ast Di�usion with Strong Absorption

W e will presen t here an algorithm to solv e n umerically (4.12) in the case of

the fast di�usion with strong absorption. In addition to assumptions A2 the

constitutiv e functions � and r satisfy

A2

0

�
�
�
�

�
�
�
�

� is increasing function and lims! 0 � (x)=x = 1 ;
r (s) � 0; for s > 0;

The ODE can b e rewritten as

@ui
@t

= A ij � (uj ) + r (ui ): (5.1)

W e use the classical full implicit Euler time in tegration sc heme to in tegrate

the system. It follo ws

un+1 = un + 4 t
�
A� (un+1 ) + r (un+1 )

�
; (5.2)

where 4 t represen ts the time step. Dep ending on the initial data u0 and

the t yp e of nonlinearit y of the functions � and r to solv e the arising system

can b e a v ery hard problem, in the vicinit y of the zero the deriv ativ e of the

function � in the case of fast di�usion b ecome in�nite. W e prop ose here

an algorithm suggested b y the Gauss-Sidel iterativ e metho d. The metho d

uses the v ery sp ecial structure of the matrix A generated b y �nite v olume

metho d. One writes the matrix A as

A = eA + � ;

where � is a diagonal matrix con taining the diagonal en tries of the matrix

A . W e p oin t the follo wing prop erties of the t w o matrices

eA ij � 0; � ii < 0;
X

j

eA ij � � � ii : (5.3)

W e rewrite also the functions � and r as

� (x) = e� (x) � x; r (x) = � er (x) � x: (5.4)
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The equation (5.2) can b e written no w as

�
I + 4 t

�
� � e� (un+1 ) + er (un+1 )

��
un+1 = un + 4 t eA� (un+1 ): (5.5)

The next theorem giv es the main prop erties of the solution of implicit Euler

metho d.

Theorem 5.1 In addition of the c onditions A2 and A2

0
we assume that

e� is a nonincr e asing function and er � 0. If the initial data and b oundary

c onditions ar e p ositive and upp er b ounde d functions, i.e.

0 � u0 � �; 0 � uD � �;

then for any time step 4 t ther e exists a solution of the e quation (5.2) that

satis�es

0 � un � �; 8n: (5.6)

Pr o of . Let us assume that for a time lev el n there exists a solution un
that

satis�es (5.6). W e will use the Bro wder �xed p oin t theorem to demonstrate

the existence of un+1
with the same prop erties. De�ne the RN

-v alues function

	 b y

	 i (y) =
un

i + 4 t
P

j
eA ij � (yj )

1 + 4 t
�

� � ii e� (yi ) + er (yi )
� :

W e claim that the function 	 is a con tin uous function on the set [0; � ]N and

tak e v alues in the same set. So, it has a �xed p oin t.

Since

e� and er are con tin uous functions on (0; 1 ) and let us assume that their

limits in 0 are �nite w e can prolong b y con tin uit y the function 	 in 0. It is

ob viously that 	 i > 0. F or the upp er b ound w e ha v e

	 i (y) � � �
un

i + 4 t
P

j
eA ij � (yj )

1 � 4 t� ii e� (yi )
� � =

=
un

i � � + 4 t
� P

j
eA ij � (yj ) + � � ii e� (yi )

�

1 � 4 t� ii e� (yi )
:

F or an y y 2 [0; � ]N w e ha v e

X

j

eA ij � (yj ) + � � ii e� (yi ) � � (� )
X

j

eA ij + � � ii e� (yi ) �

� � � (� )� ii + � � ii e� (yi ) = � � � ii ( e� (� ) � e� (yi )) � 0:
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xh xh

f hf h xhhh

Fig. 2: The regularization of the �ux function.

T o obtain the �rst inequalit y one uses: assumptions A2

0
( � is a nondecreasing

function), b oundary data is b ounded from ab o v e b y � and

eA ij > 0, the second

inequalit y results from the structure of the matrix A and the last inequalit y

from the constitutiv e assumption on the

e� .

So, w e ha v e

0 � 	 i (y) � �

and for it results the existences of a �xed p oin t, sa y u . Since for an y i one

has

1 + 4 t
�

� � ii e� (yi ) + er (yi )
�

< 1 ; on [0; � ];

it follo ws that the �x p oin t u is a solution of the of the nonlinear equation

(5.6).

Let us analyse the case in whic h the functions

e� and er ha v e in�nite limits in

0. One regularises the function

e� b y

e� � (x) =

(
�; if e� (x) > �
e� (x); if e� (x) � �

(5.7)

and from it one has

� � (x) =
�

x�; if � (x) > x�
� (x); if � (x) � x�:

(5.8)

Ob viously

� � (x) � � (x); lim
� !1

� � (x) = � (x):

In a similar manner w e de�ne r � .

With the functions � � and r � w e are in the previous case and then results

that there exists a solution u� 2 [0; � ]N of the equation

u� = un + 4 t (A� � (u� ) + r � (u� )) : (5.9)
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As the sequence u� is b ounded w e can extract a subsequence u� n that con-

v erges to a p oin t u 2 [0; � ]N . The problem is to demonstrate that the limit

p oin t u is a solution of the original equation, i.e.

u = un + 4 t (A� (u) + r (u)) :

Let us denote b y F� (u) and F r.h.s., of the preceding equations, resp ectiv ely .

W e ha v e

jju � F (u)jj1 = jju � u� n + ( F� n (u� n ) � F� n (u)) + ( F� n (u) � F (u)jj1 �
� jj u � u� n jj1 + jjF� n (u� n ) � F� n (u)jj1 +
+ jjF� n (u) � F (u)jj1 :

W e will sho w that, for an y " > 0,

jju � F (u)jj1 � ":

Observ e that the �rst term and the last term can b e made arbitrary small,

jj u � u� n jj1 + jjF� n (u) � F (u)jj1 <
"
2

for an y n > n "
. The middle term can b e ev aluate as jj�jj 1

jjF� n (u� n ) � F� n (u)jj1 � 4 t
�

jjA(� � n (u� n ) � � � n (u)) jj1 +
+ jj r � n (u� n ) � r � n (u)jj1

�
�

� 4 t(jjAjj jj � � n (u� n ) � � � n (u)jj1 +
+ jj r � n (u� n ) � r � n (u)jj1 ):

F or eac h comp onen t i w e lo ok at

j� � n (u� n i ) � � � n (ui )j

and note that if ui is not equal with zero then for a great enough n um b er n
one has

j� � n (u� n i ) � � � n (ui )j = j� (u� n i ) � � (ui )j ;

if ui equals zero then

j� � n (u� n i ) � � � n (ui )j = � � n (u� n i ) � � (u� n i ):

Using the con tin uit y of the function � w e can �nd a n um b er n"
1 suc h that

jj � � n (u� n ) � � � n (u)jj1 �
"

4jjAjj4 t
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for an y n > n "
1 . Using the same argumen ts w e can pro v e that

jj r � n (u� n ) � r � n (u)jj1 ) <
"

44 t
for an y n > n "

2 . Hence, there exists a n"
suc h that

jjF� n (u� n ) � F� n (u)jj1 �
�
2

for an y n > n � .

This end the pro of of the theorem.

In our implemen tation w e calculate the solution of the Euler sc heme b y the

follo wing iterativ e solv er

�
I + 4 t

�
� � e� � (un+1 ;k ) + er � (un+1 ;k )

��
un+1 ;k+1 =

un + 4 t eA� � (un+1 ;k ):
(5.10)

Numerical Sim ulation. F or the n umerical sim ulation w e c hose a v ery

simple domain 
 = [0 ; 1] � [0; 1]. The fast di�usion with absorption is mo d-

eled b y � (s) = sm ; r (s) = � � � sp
.

T able 1: Extinction phenomenon, extinction time T e = 0 :18. � (s) = s0:75; r (s) =
� 21: � s0:5; uD = 0

 0.5
 0.5

 0

 0.5u

x
y

u

 0

 0.5

 1

 0  0.1  0.18

||u
||

time

Initial Pro�le Comparison of the n umerical solution

(solid line) with a theoretical estima-

tion (p oin ts dra wing).

5.2. W ater In�ltration through Strati�ed Soil. Ric hard's

Equation

W e consider strati�ed soil. Hereafter the strati�ed soil means a blo c k-wise

homogeneous soil with horizon tal parallel homogeneous strata, see �gure (3).
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z

Fig. 3: Strati�ed p orous soil. Eac h la y er is mo d-

elled b y di�eren t constitutiv e function.

In the case of strati�ed soil the di�eren t mec hanical prop erties of the soils

require di�eren t constitutiv e functions whic h in turn lead to a partial di�eren-

tial equation with discon tin uous co e�cien t. On an in terface of t w o di�eren t

strata one m ust imp ose some compatible conditions to ha v e a w ell de�ned

problem. Ph ysical considerations require the con tin uit y of the pressure head

and normal comp onen ts of the v elo cit y . So, w e ha v e

hj� = hj+ ;

v � nj� = v � nj+ : (5.11)

T aking in to accoun t the compatibilit y relations (5.11) app ear that it is more

con v enien t to w ork with the � � h form of Ric hards' equation, i.e.,

@t

Z

V
� dx =

Z

@V
K (� )

@(h + z)
@n

ds;

� = � (h)

(5.12)

W e assume that the �o w domain is the 2D rectangle 
 = [0 ; a] � [0; b] whic h

is strati�ed in Ns strata [0; a] � [Z i � 1; Z i ] with Z0 = 0 ; ZN s = b.

Let 0 = x1=2 < x 1+1 =2 < � � � < x N +1 =2 = a, 0 = z1=2 < z 1+1 =2 < � � � <
zM +1 =2 = b b e t w o partitions of the in terv als [0; a] and [0; b] resp ectiv ely .

W e de�ne the con trol v olumes ! i;j =
�
x i � 1=2; x i +1 =2

�
�

�
zj � 1=2; zj +1 =2

�
; i =

1; N; j = 1; M and the net inner knots r i;j = ( x i ; zj ) , x i =
x i � 1=2 + x i +1 =2

2
,

zj =
yj � 1=2 + yj +1 =2

2
; i = 1; N; j = 1; M . W e assume that the partition

f ! i;j g is a c onform p artition with resp ect to strati�cation of the domain 
 ,
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strata

V olumes of the con trol.

Fig. 4: 2D mesh.

i.e for an y j the line z = Z j do es not in tersect the in terior of an y con trol

v olume ! i;j .

On eac h v olume ! i;j one appro ximates the pressure b y a constan t v alue

hi;j and w ater con ten t b y a constan t v alue � i;j . On the common b oundary

� i +1 =2;j = ! i;j [ ! i +1 ;j of t w o neigh b ors w e appro ximate the �ux b y

Z

� i +1 =2;j

K (� )
@(h + z)

@n
ds � K i +1 =2;j

hi +1 ;j � hi;j

4 x i +1
(5.13)

where the n umerical h ydraulic conductivit y K i +1 =2;j is an appro ximation of

the h ydraulic conductivit y K (� ) ,

K i +1 =2;j = eK (� i;j ; � i +1 ;j ): (5.14)

W e assume that the function

eK (�; �) is a symmetric and con tin uous function

with resp ect to its argumen ts. As result, w e obtain a di�eren tial algebraic

system of equation (D AE), � � h form of Ric hards' equation,

8
>>>><

>>>>:

mi;j
d� i;j

dt
= K i +1 =2;j

hi +1 ;j � hi;j

4 x i +1
� K i � 1=2;j

hi;j � hi � 1;j

4 x i
+

+ K i;j +1 =2

�
hi;j +1 � hi;j

4 zj +1
+ 1

�
� K i;j � 1=2

�
hi;j � hi;j � 1

4 zj
+ 1

�
;

� i;j = � (hi;j ):
(5.15)

T o in tegrate the D AE (5.15) w e use an implicit m ulti-step metho d, [5].

Let f tn� k ; tn� k+1 ; :::; tn g b e a sequence of momen ts of time and denotes b y

� m = � (tm ) 2 RNM ; NM = N � M . Supp osing that one kno ws the v alues

f � n� k ; � n� k+1 ; :::; � ng, the v alues � n+1
and hn+1

at the next momen t of time
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tn+1 are calculated as follo ws. De�ne a predictor p olynomial ! P (t) and a

corrector p olynomial ! C (t) . The predictor p olynomial in terp olates the v al-

ues f � n� k ; � n� k+1 ; :::; � ng at momen ts of time f tn� k ; tn� k+1 ; :::; tn g, Lagrange

in terp olation,

! P (t) =
kX

j =0

qj (t)� n� j : (5.16)

F or eac h j = 0; k the p olynomial qj (t) is giv en b y

qj (t) =
kY

i =0 ;i 6= j

t � tn� i

tn� j � tn� i
:

The corrector p olynomial ! C (t) in terp olates the unkno wns � n+1
and the

v alues of ! P (t) at the momen ts of time tn+1 and f tn+1 � j 4 tn ; j = 1; kg,

resp ectiv ely . The unkno wns � n+1
and hn+1

are determined b y imp osing to

the corrector p olynomial ! C (t) and to hn+1
to satis�es the D AE. Then a

system of nonlinear equation results. By denoting

F i;j (� n+1 ; hn+1 ) :=

K i +1 =2;j (� n+1 )
hn+1

i +1 ;j � hn+1
i;j

4 x i +1
� K i � 1=2;j (� n+1 )

hn+1
i;j � hn+1

i � 1;j

4 x i
+

K i;j +1 =2(� n+1 )

 
hn+1

i;j +1 � hn+1
i;j

4 zj +1
+ 1

!

� K i;j � 1=2(� n+1 )
�

hi;j � hi;j � 1

4 zj
+ 1

�

(5.17)

one obtains

8
<

:
mi;j

�
a

4 tn � n+1
i;j � wP;n

i;j

�
= F i;j

�
� n+1 ; hn+1 �

;

� n+1
i;j = � (hn+1

i;j );
(5.18)

where wP;n
i;j are kno wn quan tities as functions of the preceding v alues of � .

The nonlinear system (5.18) is solv ed iterativ ely using an inexact Newton

step follo w ed b y a Bro yden step un til a desired accuracy is obtained. Let R
b e giv en b y

R (� ; h) = m
�

a
4 tn � � w P;n

�
� F (� ; h ) : (5.19)

The matrix J (� ; h ) of the iterativ e pro cess in INS is an appro ximation of

the full Jacobian of the function R , the pro duct of it with a v ector w read
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as

J (� ; h )w = m
a

4 tn C(h)w � eF (� ; w ) ; (5.20)

where

eF (� ; w ) = @hF (� ; w ) (5.21)

and

C(�) =
d� (�)
dh

:

The nonlinear solv er is:

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

Inexact Newton step

J (� n+1 ;k ; hn+1 ;k )� NS
h = � R

�
� n+1 ;k ; hn+1 ;k �

; ( s 1)

h
n+1 ;k+1

= hn+1 ;k + � NS
h ; ( s 2)

�
n+1 ;k+1

= � (h
n+1 ;k+1

); ( s 2)

Broyden step

J (� n+1 ;k ; hn+1 ;k )� BS
h = � R

�
�

n+1 ;k
; h

n+1 ;k
�

; ( s 3)

� k+1
h = � BS

h
h� NS

h ; � NS
h i

h� NS
h ; � NS

h i � h � NS
h ; � BS

h i
; ( s 4)

hn+1 ;k+1 = h
n+1 ;k

+ � k+1
h ; ( s 5)

� n+1 ;k+1 = � (hn+1 ;k+1 ): ( s 5)

(5.22)

The linear equations in the steps s1 and s3 are solv ed b y Conjugate Gradien t

Metho d for linear system with symmetric and p ositiv e de�nite matrix. W e

presen t some n umerical tests obtained using the ab o v e algorithm. As empir-

ical mo dels for w ater con ten t � (h) and h ydraulic conductivit y K (� ) w e use

the v an Gen uc h ten mo del,

S(h) =
�

(1 + ( �h )n )� m ; h < 0;
1; h � 0;

(5.23)

K (S) =

(
K sSl

�
1 �

�
1 � S1=m

� m
� 2

; 0 < S < 1;

K s; S � 1;
(5.24)



Diffusion Pr ocesses 197

where S represen ts the relativ e w ater con ten t

S =
� � � r

� s � � r
:

The soil in the test is a la y ered soil with t w o alternate strata.

h1 h2 h3

loam 

loam 

glendale

glendale

vn=0

vn=0

vn=0

1m

1m
Ph ysical con�guration. The parameters for the lo am soil in the v an Gen uthen mo del

are: n = 2 ; � = 3 :35 m� 1; l = 0 :5; K s = 0 :3318 mh� 1; � r = 0 :012; � s = 0 :368
and for the Glendale soil are: n = 1 :3954; � = 1 :04 m� 1; l = 0 :5; K s = 0 :545�
10� 2 mh� 1; � r = 0 :106; � s = 0 :4686. The initial datum is h0 = � 1:0 m in the whole

domain. The b oundary conditions are of the mixt t yp e.
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h1 = � 0:75 m; h2 = � 0:0 m; h3 =
� 0:75 m.

h1 = � 0:75 m; h2 = � 0:3 m; h3 =
� 0:75 m.

The n um b er of the iterations v ersus time step. Num b ers of iteration in nonlinear

solv er (line-p oin t) and the total n um b ers of iteration time step in CGM metho d

The time sim ulation w as 48h.
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t = 48h
The comparativ e pro�les of the pressure head for t w o di�eren t Diric h-

let datum on the top b oundary at di�eren t momen ts of time. h1 =
� 0:75 m; h2 = � 0: m; h3 = � 0:75 m.(left), h1 = � 0:75 m; h2 =
� 0:3 m; h3 = � 0:75 m.(righ t).
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