


DEFINITION:   The apportionment problem is a special kind of a discrete fair-division problem – a sort of dual of some of the problems discussed in Chapter 3. As in Chapter 3, we will have indivisible objects that we would like to divide fairly among a set of players. The difference is this: in Chapter 3, each player was entitled to an equal share but the objects were different; now, in the apportionment problem, the objects are all going to be the same, but the players are going to be entitled to different-sized shares.


EXAMPLE:   The most important example of an apportionment problem (and probably the most known one) is that of proportional representation in a legislative body, where, the identical and indivisible objects to be apportioned are the seats in the legislature, and the players are the states (or provinces, regions etc). The idea of proportional representation is that each state is entitled to a number of seats that is proportional to its population.


OBS:  The word apportionment comes from 

ap-pôŕ-tion: to divide and assign in due and proper proportion or according to some plan (see Webster’s New Twentieth Century Dictionary).

DEFINITION:   In any apportionment problem in which the total population of the country is P and the number of seats to be apportioned is M, we will define the standard divisor to be the ratio P/M, which gives in fact the number of people per seat in the legislature on a national basis.

     Total population

Standard Divisor = --------------------------------






Total number of seats


DEFINITION:   Now, using the standard divisor, for each state we will define its standard quota (exact quota) to be the ratio between the state’s population and the standard divisor, which gives in fact the fraction of the total number of seats that the state would be entitled to if fractional seats were possible.

State’s population

State’s Standard Quota = ----------------------------







 Standard Divisor


DEFINITION:   Associated with each state’s standard quota are two whole numbers (for each state):

· the state’s lower quota = the standard quota rounded down

· the state’s upper quota = the standard quota rounded up


OBS:   In the unusual case that the state’s standard quota is a whole number, then the lower and upper quotas are both equal to the standard quota.

Example:

Three clubs are sending their representatives to a student council. Drama Club has 33 members, Garden Club has 33 members, and Rodeo Club has 34 members.

Suppose there is a total of 10 seats in the student council.  


Then:
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Total number of seats apportioned = 9.

What should we do with the other seat?
