
Introduction to Ordinary Differential Equations

The first question one might ask in a course in differential equations is ”what are
differential equations and where do they come from?” To begin to answer that question,
consider the following example. A cup of hot coffee is brought into a room and set on the
table. We know from experience that the coffee will begin to cool and continue cooling until
the temperature of the coffee is reduced to the temperature of the room.

To describe the situation analytically, we first define a function T(t), whose value at eact
t is the temperature of the coffee at time t. We suppose that t � 0 is the initial time at which
the coffee was set on the table and we assume t increases from zero. If we denote the
temperature of the room to be the constant T0, then we can begin an analytic description of
the cooling process for the coffee. For example, we can say that:

� if T�t� � T0 then T�t� decreases i.e., T��t� � 0

� if T�t� � T0 then T�t� increases i.e., T��t� � 0

Then we might be inclined to assume that T��t� and �T�t� � T0� are related, in fact, we
might assume that T��t� is proportional to �T�t� � T0�. This would be expressed as follows

T��t� � �k �T�t� � T0� �1�

where k denotes a positive constant of proportionality and the negative sign appears so that
T��t� is negative when �T�t� � T0� is positive in accordance with our previous observations.
Then (1) is an example of a differential equation. It is called this because it is an equation
involving an unknown function T(t) and also its derivative T��t�. More precisely, (1) is called
an ordinary differential equation because the derivative which appears is an ordinary
derivative (as opposed to a partial derivative which occurs when the unknown function
depends on more than one variable). In addition, we say that (1) is a first order equation
because there are no derivatives of order more than one, and finally we say that (1) is a
linear first order ordinary differential equation (but we will wait until later to explain the
meaning of the term, ”linear”).

We can now think of the equation (1) as a mathematical model for the physical process
of a cooling cup of coffee. It will be our aim to solve the equation and to use the solution to
predict and understand the physical system. Of course we need to understand what is
meant by a solution for the equation. One meaning for the term solution might be a
”direction field” for the eqution (1). Note that the equation defines a value of the derivative
T��t� at each point in the T-t plane. Then at each point �t,T� in the plane, we could imagine a
small segment whose slope equals T��t�. A picture of this would look like this
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Direction Field
The value of T0 in this plot is T0 � 1 and we can see from the plot that temperature of the
coffee tends toward this limiting value T0. If we define a solution curve for the equation to
be a curve in the T-t plane that is tangent to the direction field at each point on the curve,
then it is clear from the plot above that there are infinitely many such curves. Here is a
picture of just two possible solution curves

Two Solution Curves
Evidently the differential equation (1) has an infinite family of solution curves, each of which
is a possible description of how the temperature of the coffee varies with time. To get a
better idea of what this means, we can try to find the equations for the solution curves by
doing the following. We can write (1) in the form

d
dt T�t� � �k�T�t� � T0�

and then rewrite it as
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� dT
T�t� � T0

� �k �dt.

Since �dt. � t � C0 and � dT
T�t� � T0

� ln�T�t� � T0� � C1,

we find ln�T�t� � T0� � C1 � �k�t � C0�

or, equivalently ln�T�t� � T0� � �kt � C2.

Here C0,C1,C2 all are arbitrary constants (you can solve for C2 in terms of C0,C1if you want
to but C2 is still just an arbitrary constant). What we have at this point is an implicit
functional relation between T and t. In some cases it will not be possible to resolve this
expression to obtain an explicit formuls for T in terms of t, but here we note that

e ln�T�t��T0 � � e�kt�C2 � e�kteC2 � C3e�kt

and since e ln�T�t��T0 � � T�t� � T0,

we obtain, T�t� � T0 � C3e�kt. �2�

Then constant C3 is another arbitrary constant of integration and for each choice of this
constant, �2� is a solution of the equation �1�. It is also true that for each choice of the
constant, �2� is the equation of one of the solution curves for (1). We refer to �2� as a
1-parameter family of solutions for (1) where C3 is the parameter that distinguishes between
the infinitely many family members. Evidently an equation like (1) has an infinite family of
solutions.

Finally, suppose that the initial temperature of the coffee is known; i.e., suppose
T�0� � T1 � T0 where T1 is given. Then, according to (2)

T�0� � T0 � C3e�k0 � T0 � C3 � T1,
hence

C3 � T1 � T0,
and

T�t� � T0 � �T1 � T0�e�kt. �3�

This is the unique solution that satisfies (1) as well as the initial condition, T�0� � T1.
Evidently, the problem consisting of the differential equation (1) together with the initial
condition has a unique solution. In the picture of solution curves seen above, the upper
curve is the solution curve corresponding to T�0� � 2, while the lower curve is the solution
curve corresponding to T�0� � .1.

Once the solution is known, then it may be used to analyze the physical system. For
example, if the initial temperature of the coffee was unknown but it were known that the
temperature of the coffee at some later time, say t � 2, is equal to T�2� � T2, then the initial
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temperature can be found. If we use (2) to write

T�2� � T0 � C3e�2k � T2,
then

C3e�2k � T2 � T0
and

C3 � �T2 � T0�e2k.

Now we use this expression for C3 in (2) to obtain

T�t� � T0 � �T2 � T0�e2k.e�kt. � T0 � �T2 � T0�e�k�t�2�

from which it follows that the initial temperature of the coffee is equal to,

T�0� � T0 � �T2 � T0�e2k.

We are assuming here that the constant k is a given positive constant.

Exercise- If the constant k is unknown, but it is given that T�0� � T1, T�2� � T2 � T1, then
use this information to find k.

Consider now an example of an insect population in a confined environment. Let P�t�
denote the population size at time t and note that we can assert that

P ��t� � bP�t� � dP�t�

where b and d denote the birth and death rates for the population. Then, letting � � b � d,
we have P��t� � �P�t�. Evidently, if b � d then P��t� � 0 for all time and the population
grows without bound. If b � d then P��t� � 0 for all time and the population decreases
steadily to zero. Neither of these scenarios is a realistic description of what we expect to
happen with this insect population and so, we try to modify the model to obtain a more
accurate description of what goes on. We expect that �, which we can think of as the
effective growth rate for the population, will be positive as long as the population does not
get too large. If the population exceeds some critical value we might expect that then
conditions will be such that the population would tend to decrease. The simplest such
dependence of � on P would be to have ��P� � �k�P�t� � P��, where k denotes a positive
constant and P� represents some critical population level that can be thought of as the
maximum sustainable level in the given environment. With this assumption the model for
P�t� becomes

P ��t� � �k �P�t� � P��P�t�. �4�

This differential equation for the unknown function P�t� differs from the equation in the
previous example in the following way. On the right side of equation (1) we have
F1�T� � �kT � kT0, while on the right side of (4) we have F2�P� � kP�P � kP2. The function
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F1�T� is a linear function of T, meaning that if we plotted F1 versus T, we would see a
straight line graph. On the other hand, the function F2�P� is a nonlinear function of P,
meaning that if we plotted F2 versus P, we would see a graph that is not a straight line. As
we shall see, linear differential equations are much easier to deal with than nonlinear
equations. While the equation (4) can be solved, it is not hard to write down nonlinear
examples which we would not be able to solve. For the time being therefore, we will
concentrate largely on linear equations and the solution techniques required to solve them.
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