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Abstract

Accurate numerical modeling of nonlinear processes in dilute, re-
acting flows is critical for solving transport problems both in funda-
mental and applied science. In this respect, the last years have been
marked by a considerable progress in the development of algorithms
for Boltzmann models. We consider the generalized method of Nambu
[8], Babovsky and Illner [1] which combines analytical and stochastic
techniques into a convergent algorithm for the reacting Boltzmann
equations [4]. We report on error control to complete the theoretical
support of the scheme developed in previous works.

1 Introduction

We consider a space-homogeneous gas mixture, composed ofN speciesX1,...,XN ,
of point particles with mass mi, having one internal state characterized by a
defined value of the internal energy Ei, 1 ≤ i ≤ N .

The gas particles undergo binary nonreactive collisions as well as reactions
induced by binary collisions

Xi +Xj → Xk +Xl, 1 ≤ i, j, k, l ≤ N. (1)

The reactions (1) can occur only if the microscopic conservation laws are
fulfilled.

mi +mj = mk +ml, (2)
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miv +mjw = mkv
′ +mlw

′, (3)

mi |v|2

2
+ Ei +

mj |w|2

2
+ Ej =

mk |v′|2

2
+ Ek +

ml |w′|2

2
+ El, (4)

where v and w are the pre-collision velocities of the particles i and j, and v′

and w′ the post-collision velocities of the particles k and l, respectively.
Following e.g [2], it can be easily seen that, in the spatially homoge-

neous case, the one-particle distribution functions fi = fi(t,v) describing
the species 1 ≤ i ≤ N , at moment t ≥ 0, are solutions of the system of
equations

∂

∂t
fi = Pi(f)− Si(f), 1 ≤ i ≤ N, (5)

with the gain and loss terms Pi and Si given by

Pi(f)(t,v) :=
N∑

j,k,l=1

∫
Dij;kl(v)×S

pkl;ij(v,w,n)fk(t,vij;kl)fl(t,wij,kl)dwdn (6)

Si(f)(t,v) := fi(t,v)
N∑

j,k,l=1

∫
Dij;kl(v)×S

rkl;ij(v,w,n)fj(t,w)dwdn. (7)

In (5), (6), (7), f := (f1, ..., fN), S := {n ∈ R3| |n| = 1}, and Dij;kl(v) =
{w ∈ R3|(v,w) ∈ Dij;kl}, where

Dij;kl := {(v,w) ∈ R3 × R3| W̄ij;kl(v,w) ≥ 0}, (8)

with
W̄ij;kl(v,w) :=

mimj

2(mi +mj)
|v −w|2 + Ei + Ej − Ek − El, (9)

and vij;kl = vij;kl(v,w,n), wij;kl = wij;kl(v,w,n), where

vij;kl(v,w,n) :=
miv +mjw

mi +mj

+

[
2 ·ml

mk(mi +mj)
W̄ij;kl(v,w)

]1/2

· n, (10)

wij;kl(v,w,n) :=
miv +mjw

mi +mj

−
[

2 ·mk

ml(mi +mj)
W̄ij;kl(v,w)

]1/2

· n, (11)

for all (v,w,n) ∈ Dij;kl × S. Further, the collisions laws pkl;ij(v,w,n) and
rkl;ij(v,w,n) are given, positive measurable functions on Dij;kl × S. They
are proportional to the probability of occurrence of reaction (1). Moreover,

pkl;ij(v,w,n) = pkl;ji(w,v,n) = plk;ij(v,w,−n), (12)
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rkl;ij(v,w,n) = rkl;ji(w,v,n) = rlk;ij(v,w,−n), (13)∫
Dij;kl×S

ϕ(v,w)pkl;ij(v,w,n)ψ(vkl;ij,wkl;ij)dvdwdn =

=

∫
Dkl;ij×S

ϕ(vij;kl,wij;kl), rij;kl(v,w,n)ψ(v,w)dvdwdn

(14)

and ∫
Dij;kl×S

ϕ(v,w)(v,w,n)ψ(vkl;ij,wkl;ij)dvdwdn =

=

∫
Dkl;ij×S

ϕ(vij;kl,wij;kl)ψ(v,w)dvdwdn

(15)

for all (ϕ, ψ) ∈ C(R3×R3)×Cc(R3×R3)∪Cc(R3×R3)×C(R3×R3) (here, as
usual, C(R3×R3) denotes the space of real continuous functions on R3×R3

and Cc(R3×R3) are the subspaces of C(R3×R3) consisting of functions with
compact support).

It is known [2] that, if rij;kl(v,w,n) ≤ C(1+|v|2+|w|2) for some constant,
C > 0, then the Cauchy problem associated to the system (5) has, in some
sense, unique positive global solutions fi(t) ∈ L1(R3; dv)− real, 1 ≤ i ≤ N ,
provided that the initial data are positive and their 4th order momenta are
well defined. In addition, the solutions satisfy the global mass, momentum
and energy (kinetic + internal) conservation (for more details the interested
reader is referred to [2], [3], [4]).

For simplification, in the following, we consider gaseous mixture composed
of N = 4 species. Only the following collisions (reactions) are supposed to
be present:

(a) Nonreactive collisions

Xi +Xj → Xi +Xj, (16)

whenever 1 ≤ i, j ≤ 4, unless {i, j} 6= {3, 4}.
(b) Endothermic reactions (E1 + E2 < E3 + E4) of the form

X1 +X2 → X3 +X4 (17)

as well as the reverse (exothermic) reactions

X3 +X4 → X1 +X2. (18)
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In the following, we need a weak form of Eq.(5).(
φ,
∂fi
∂t

)
= (φ, Pi(f))− (φ, Si(f)), (∀) 1 ≤ i ≤ 4; φ ∈ Cb(R3). (19)

where, by (14)

(φ, Pi(f)) =
4∑

j,k,l=1

∫
Dkl;ij×S

φ(vij;kl) · rij;kl · fk(v)fl(w) dvdwdn, (20)

and

(φ, Si(f)) =
4∑

j,k,l=1

∫
Dij;kl×S

φ(v) · rkl;ij · fi(v)fj(w) dvdwdn. (21)

Here, Cb(R3) is the space of continuous, bounded, real functions on R3.
According to the model, only the collision laws associated to reactions

(16), (17), (18) may not vanish identically. For this reactions, we consider
the following correspondents of the collision laws introduced by Krook and
Wu for nonreactive gaseous mixtures [5]

Assumption:

r12;12(v,w,n) =


const ≥ 0 when W̄12;34(v,w,n) < 0,

0 when W̄12;34(v,w,n) ≥ 0;
(22)

the functions r12;34, r34;12 are nonnegative constants (on their domains); sim-
ilarly rij;ij is nonnegative and constant if {i, j} 6= {1, 2} or {i, j} 6= {3, 4}.

By (14) we put pkl;ij(v,w,n) = rij;kl(vkl;ij(v,w,n),wkl;ij(v,w,n),n).
Obviously, the present model is isotropic, i.e. fi(v) = fi(v) for 1 ≤

i ≤ 4 (where v := |v| is the modulus of the velocity v). We denote the
concentration of the species i by

Ii :=

∫ ∞
0

Fi(v)dv, for 1 ≤ i ≤ 4, (23)

where Fi(v) := 4πv2fi(v), for 1 ≤ i ≤ 4.
Let λkl;ij := 4π · rij;kl (1 ≤ i, j, k, l ≤ 4). Using suitable changes of

variables in (20), (21) one obtains

(φ, Pi(f)) =
4∑

j,k,l=1

λkl;ij · IkIl
∫
Dkl;ij

φ(ṽ) · Fk(v)Fl(w) dv dw dζ dη , (24)
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(φ, Si(f)) =
4∑

j,k,l=1

λij;kl · IiIj
∫
Dij;kl

φ(v) · Fi(v)Fj(w) dv dw dζ dη , (25)

where
Dkl;ij := {(v, w, ζ, η) ∈ R2

+ × [0, 1)2| ṽkl;ij ∈ R} (26)

and ṽkl;ij = ṽkl;ij(v, w, ζ, η) (the post collision velocity of the species i) is
given by

ṽkl;ij(v, w, ζ, η) :=

[
V 2
kl +

mk

ml

ρ2
kl;ij + 2

(
mk

ml

)1/2

ρkl;ijVkl(2η − 1)

]1/2

, (27)

with Vkl = Vkl(v, w, ζ), ρkl;ij = ρkl;ij(v, w, ζ), where

Vkl(v, w, ζ) := (m2
kv

2 +m2
lw

2 + 2mkmlvw(2ζ − 1))1/2/(mk +ml), (28)

ρkl;ij(v, w, ζ) := [mkml(v
2 + w2 + 2vw(2ζ − 1))/(mk +ml)

2+

+2(Ek + El − Ei − Ej)(mk +ml)]
1/2.

(29)

2 Numerical Method

In this section we briefly describe how the particle method of [4] can be
applied to obtain numerical solutions of the Cauchy problem for Eq.(19).

Step I Let [[x]] denote the integer part of the real positive number x.
Consider some time interval [0, T ] and some given time step 0 < ∆t < T .
Then the discretized equations associated to (19) with initial data F 0

i (v) =
4πv2fi(0, v), 1 ≤ i ≤ 4, has the form:

(φ, F p+1
i ) = (φ, F p

i )−∆t[(φ, Pi(F
p))− (φ, Si(F

p))], (30)

for p ∈ {0, 1, ..., J−1}, J := [[T/∆t]] and φ ∈ Cb(R). Here Fp := (F p
1 , F

p
2 , F

p
2 , F

p
4 , )

while (φ, Pi(F
p)) and (φ, Si(F

p)) are given by the r.h.s. of (24) and (25) re-
spectively (where Ii, Ij, Ik, Il, Fi, Fj, Fk, Fl are simply replaced by Ipi , Ipj ,
Ipk , Ipl , F p

i , F p
j , F p

k , F p
l ).
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Following [4], after some standard computations, (30) can be written as
follows

(φ, νp+1
i ) = (φ, νpi )−∆t

4∑
j,k,l=1

λij,kl

∫
Dij,kl

φ(v)dνpi (v)dνpj (w)dζdη+

+∆t
4∑

j,k,l=1

λkl,ij

∫
Dkl,ij

φ̃kl,ij(v)dνpk(v)dνpl (w)dζdη,

(31)

where dνpi (v) := F p
i (v)dv, for 1 ≤ i ≤ 4, p ∈ {0, 1, ..., J − 1} and φ̃ij;kl :=

φ ◦ ṽij;kl, with ṽij;kl given by (27).

Step II According to the scheme of [4], we approximate ν0
i by convergent

sequences of discrete measures of the form

µ0
n =

an
n

n∑
p=1

δv0p , (32)

with an > 0 depending on initial mass densities and where δv0p denotes

the Dirac measure concentrated on v0
p. We also approximate the Lebesgue

measure on the unit square dζdη by sums of Dirac measures of the form
1
n

∑n
p=1 δζpδηp .

One possibility to provide such kind of approximations is to use low dis-
crepancy methods which minimize the discrepancy [6]. We recall that the
discrepancy D(µ, µ′) of the real measures µ and µ′ on Rq is defined by

D(µ, µ′) := sup
a∈Rq

∣∣∣∣∫
Xa

dµ−
∫
Xa

dµ′
∣∣∣∣ , (33)

where Xa := {(x1, ..., xq) ∈ Rq | xi ≤ ai, 1 ≤ i ≤ q}, with a := (a1, ..., aq).

Step III Because of the product measures in the r.h.s. of (31), for a
given input Dirac sum of n terms, the next iteration step yields a sum of
Dirac measures concentrated on n+ c ·n3 points (with c a natural constant).
This implies a power-like increasing computational effort. To decrease the
computational effort and preserve the convergence of the scheme, one applies
random selections (Theorems 7, 8 of [4]).

Giving, for each chemical species 1 ≤ i ≤ 4, the initial data ν0,0
i we

consider a family of measures ((νk,pi )k≤p≤J)0≤k≤J , such that for each 0 ≤ k ≤
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J − 1 and k+ 1 ≤ p ≤ J the measure νk,pi is given as (p−k) - th iteration for
the input data νk,ki , where νk,ki , 1 ≤ k ≤ J is provided by random selection
from νk−1,k

i , k ≥ 1. The algorithm follows a computational chain of the form

ν0,0
i → ν1,1

i → ν2,2
i → ...→ νJ−1,J−1

i → νJ,Ji . (34)

Now, we recall the idea behind the selection rule of [4]. Consider the
probability space (Ω, βΩ, P ), with Ω = [0, 1)∞ (in countable sese), βΩ the
standard σ - algebra of Borel subsets of Ω and P the measure of probability
induced by uniform distribution on [0, 1).

Let µ be a discrete measure concentrated on V = {v1, v2, ..., vm} ⊂ Rq,

µ = µm =
1

m

m∑
i=1

δvi . (35)

The interest is to approximate (35) by a sum of the same form with n =
n(m) ≤ m terms. Consider the random variables ik : Ω→ {1, 2, ...,m},

ik(ω) := [[ωk ·m]] + 1, for 1 ≤ k ≤ n. (36)

Then i1, ..., in select randomly n terms of the sum in (35). Defining

ν = νn :=
1

n

n∑
k=1

δvik(ω)
, (37)

it is shown that if µm converges weakly as m→∞, then for almost all ω ∈ Ω,
the sum (37) converges to the same limit, as n → ∞ (for more details see
[4]).

3 Error Estimations

Let µ and ν measures of the form (35) and (37) respectively. For some
continuous real valued function φ on R3 define φ :=

∫
R3 φdµ. The mean error

eφ(ν, µ) of the approximation of φ by
∫
R3 φdν can be evaluated by

eφ(ν, µ) :=

〈∣∣∣∣∫
R3

φdν −
∫
R3

φdµ

∣∣∣∣〉 , (38)

where 〈 〉 designates the mean with respect to the probability of selection
P . One applies the Cauchy inequality to the r.h.s. of (38), and one estimates
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the resulting expression using the definition of P and the independence of
the random variables (36). Under the condition φ2 ≤ ∞, one finds

eφ(ν, µ) ≤ 1√
n

[(
φ2 − φ2

) 1
2

+
1

2
·
∣∣φ∣∣] . (39)

Then, for 1 ≤ p, q ≤ J = [[T/∆t]] and νp,Ji as in (34), define

Eφ(νp,J , νq,J) := max
1≤i≤N

(eφ(νp,Ji , νq,Ji )). (40)

Using the properties of collision operators and the estimation (39) in (34),
it follows that there exist some constants c1, c2 (depending on φ, initial data
and the parameters of the collision operators in (5) such that

Eφ(νp,J , νp−1,J) ≤ c1√
n

(1 + c2 ·∆t)J−p . (41)

Then,

Eφ(νJ,J , ν0,J) ≤
J∑
p=1

Eφ(νp,J , νp−1,J) ≤ cT

∆t ·
√
n
, (42)

where c depends on the same parameters as c1, c2 and T is the final time.
Combining (42) with the estimated contribution of the error due to the

time discretization (Proposition 4 of [4]), one obtains an upper bound on the
total mean error Etot, φ at moment T .

Etot, φ ≤ δn,T,∆t,φ +KT

(
∆t+

1

∆t ·
√
n

)
, (43)

where the constant K depends on the same parameters as c, while

δn,T,∆t,φ :=| (φ, ν0,J
i )− (φ, νJi ) |, (44)

represents the contribution of the error introduced by the approximation of
the initial data. Here νJi and ν0,J

i are the solutions of the discretized equations
(31) for the exact and approximated initial data ν0

i and ν0,0
i , respectively.

Obviously δn,T,∆t,φ depends on n, T , and ∆t through νJi and ν0,J
i . If one

applies low discrepancy methods, it is known [4] that δn,T,∆t,φ → 0 as n→∞
and ∆t→ 0.

Due to the space isotropy of the present model, one can also provide an
upper bound for (44) by adapting an argument for the simple gas [7].

8



Observe that, without loss of generality, we can consider (43) with φ =
φ(v) depending only on the radial component of velocity. We assume that φ
has bounded variation.

Define
D(ν0,p, νp) := max

1≤i≤N
(D(ν0,p

i , νpi )), (45)

where D(ν0,p
i , νpi ) is the discrepancy (33) of measures ν0,p

i and νpi . Then
observe that (31) implies∣∣(φr, ν0,p+1

i )− (φr, ν
p+1
i )

∣∣ ≤ |(φr, νpi )− (φr, ν
p
i )|+

+∆t
4∑

j,k,l=1

λij,kl

∣∣∣∫Dij,kl
φ(v)dν0,p

i (v)dν0,p
j (w)dζdη−

−
∫
Dij,kl

φ(v)dνpi (v)dνpj (w)dζdη
∣∣∣+

+∆t
4∑

j,k,l=1

λkl,ij

∣∣∣∫Dkl,ij
φr(ṽkl,ij)dν

0,p
k (v)dν0,p

l (w)dζdη −

−
∫
Dkl,ij

φr(ṽkl,ij)dν
p
k(v)− dνpl (w)dζdη

∣∣∣ ,
(46)

with φr the characteristic function of interval [0, r] and ṽkl,ij given by (27).
Obviously, the first term, as well as each modulus in the first sum on the

r.h.s. of (46) are smaller than D(ν0,p, νp). To see that the moduli in the
last sum of (46) are also smaller than D(ν0,p, νp), it is sufficient to remark,
in our case, that the applications of the form v −→ φr(ṽkl,ij(v, w, ζ, η)) are
characteristic functions of a finite union of intervals.

Now, from (46) we can find some constant C0 depending on c0 such that

D(ν0,p, νp) ≤ (1 + c0 ·∆t) · D(ν0,p−1, νp−1). (47)

By iterating (47) one can find C0 a constant depending on c0 such that

D(ν0,J , νJ) ≤ CT
0 · D(ν0,0, ν0). (48)

Then, applying the Koksma-Hlavka inequality [6] to (44), using (48) and
the fact that D(ν0,0, ν0) = O((log n)s/n) for some s > 0, [6], one obtains

Etot, φ ≤ KT
0

(log n)s

n
+KT (∆t+

1

∆t ·
√
n

), (49)

where K0 depends on the same parameters as c1 and c2. The estimations
(43) and (49) give some indication how to correlate the choice of the time
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step with the number of concentration points to control the error, for a given
duration of the numerical experiment. An unpleasant feature is the presence
of the time step in the denominator of (43), (49) as a consequence of the
accumulation of the errors introduced by selections.

The bounds (43) are not optimal. However, they show that (in the limits
of the estimations (43)) the qualitative behavior of the errors is the same,
irrespective of the presence of reaction processes in fluids. The contribution
of the Boltzmann terms corresponding to reactions, is retained in the rather
complicated expressions providing the values of the constants of (42), (43).
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